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Abstract
We review the derivation of the Gaudin model with integrable boundaries.
Starting from the non-symmetric R-matrix of the inhomogeneous spin-½ XXZ chain
and generic solutions of the reflection equation and the dual reflection equation, the
corresponding GaudinHamiltonians with boundary terms are calculated. An alter-
native derivation based on the so-called classical reflection equation is discussed.
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I INTRODUCTION
I Introduction
Gaudin models have applications in many areas of modern physics, from quantum
optics [1, 2] to physics of metallic nano-grains, see [3] and reference therein. A model of
interacting spins in a chain was first considered by Gaudin [4, 5]. In his approach, these
models were introduced as a quasi-classical limit of the integrable quantum chains.
Moreover, the Gaudin models were extended to any simple Lie algebra, with arbitrary
irreducible representation at each site of the chain [5].
The rational sℓ(2) invariant model was studied in the framework of the quantum in-
verse scatteringmethod [6]. The quantum inverse scatteringmethod (QISM) [7, 8, 9, 10]
as an approach to construct and solve quantum integrable systems has lead to the the-
ory of quantum groups [11, 12]. In his studies, Sklyanin used the sℓ(2) invariant clas-
sical r-matrix [6]. A generalization of these results to all cases when skew-symmetric
r-matrix satisfies the classical Yang-Baxter equation [13] was relatively straightforward
[14, 15]. Therefore, considerable attention has been devoted to Gaudin models corre-
sponding to the the classical r-matrices of simple Lie algebras [16, 17, 18] and Lie su-
peralgebras [19, 20, 21, 22, 23]. The spectrum and corresponding eigenfunctions were
found using different methods such as coordinate and algebraic Bethe ansatz, sepa-
rated variables, etc. Correlation functions for Gaudin models were explicitly calculated
as combinatorial expressions obtained from the Bethe ansatz [5]. In the case of the sℓ(2)
Gaudin system, its relation to Knizhnik-Zamolodchikov equation of conformal field
theory [24, 25, 26] or the method of Gauss factorization [27], provided alternative ap-
proaches to computation of correlation functions. The non-unitary r-matrices and the
corresponding Gaudin models have been studied recently, see [28] and the references
therein.
A way to introduce non-periodic boundary conditions compatible with the integra-
bility of the quantum systems solvable by the QISMwas developed in [29]. The bound-
ary conditions at the left and right sites of the system are expressed in the left and right
reflection matrices. The compatibility condition between the bulk and the boundary of
the system takes the form of the so-called reflection equation [30, 31]. The compatibility
at the right site of the model is expressed by the dual reflection equation. The matrix
form of the exchange relations between the entries of the Sklyanin monodromy matrix
are analogous to the reflection equation. Togetherwith the dual reflection equation they
yield the commutativity of the open transfer matrix [29, 32, 33, 34].
The starting point to obtain the Gaudin model in the framework of the QISM is
the monodromy matrix of the corresponding inhomogeneous spin chain [6]. Hikami,
Kulish and Wadati showed that the quasi-classical expansion of the transfer matrix of
the periodic chain, calculated at the special values of the spectral parameter, yields the
Gaudin Hamiltonians [35, 36]. Hikami generalized this approach to the case of non-
periodic boundary conditions [37]. In his work Hikami used the Sklyanin monodromy
matrix of the open inhomogeneous spin chain. By the quasi-classical expansion of the
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open transfer matrix, at the special values of the spectral parameter, the corresponding
Gaudin Hamiltonians with boundary termswere obtained [37]. These results were later
extended to non-diagonal reflection matrices [38, 39] and generalized for other classes
of Gaudin models, like for example elliptic ones [40], as well as to other simple Lie
algebras [41]. Analogous results were obtained for the open Gaudin models based on
Lie superalgebras [42].
As it was noticed above, in the periodic case, the Gaudin models are based on clas-
sical r-matrices which have a unitarity property. Namely, the density of the Gaudin
Hamiltonians coincides with the classical r-matrices and the condition of their com-
mutativity is nothing else but the classical Yang-Baxter equation [15, 17]. In the case
of non-periodic boundary conditions the derivation of the generating function of the
corresponding Gaudin Hamiltonians is still an open problem. Sklyanin has developed
an approach based on the classical reflection equation, involving a unitary classical
r-matrix and corresponding reflection matrix [43, 44]. But the derivation of the corre-
sponding Hamiltonians is not straightforward. A method based on a non-unitary clas-
sical r-matrix, obtained from a unitary solution of the classical Yang-Baxter equation
and the corresponding reflection matrix, was proposed [28, 45, 46]. However, the cor-
responding Hamiltonians do not coincide with the ones obtained by the quasi-classical
expansion.
This paper is organized as follows. In Section II the R-matrix of the XXZ model
and its properties are reviewed. The equivalence between the reflection equation and
the dual reflection equation is shown and the corresponding reflection matrix is given
explicitly. In Section III an inhomogeneous XXZ spin chain with N sites is studied. It
is shown how the quasi-classical expansion of the transfer matrix, for special values of
the spectral parameter, yields the GaudinHamiltonians, both in the case of periodic and
non-periodic boundary conditions. These Hamiltonians are calculated in Section IV. In
particular, the Gaudin Hamiltonians with the boundary terms are given explicitly. An
approach to study open Gaudin model based on classical r-matrix, classical reflection
equation and corresponding reflection matrix is discussed in Section V.
II Reflection equation
In the framework of the QISM [7, 8, 9, 10] the starting point in the study of a quantum
solvable system is an R-matrix. Here we consider the R-matrix of the spin-½ XXZ chain
[47, 48, 49]
R(λ, η) =

1 0 0 0
0
sinh(λ)
sinh(λ− η)
−e−λ sinh(η)
sinh(λ− η)
0
0
−eλ sinh(η)
sinh(λ− η)
sinh(λ)
sinh(λ− η)
0
0 0 0 1

, (II.1)
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here λ is the so-called spectral parameter and η is the quasi-classical parameter. The
R-matrix satisfies the Yang-Baxter equation in the space C2 ⊗ C2⊗ C2
R12(λ− µ)R13(λ)R23(µ) = R23(µ)R13(λ)R12(λ− µ), (II.2)
we suppress the dependence on the quasi-classical parameter η and use the standard
notation of the QISM [7, 8, 9, 10] to denote spaces Vj, j = 1, 2, 3 on which corresponding
R-matrices Rij, ij = 12, 13, 23 act non-trivially. In the present case V1 = V2 = V3 = C
2.
This form of the R-matrix is related with the symmetric one Rt12(λ, η) = R12(λ, η)
by the similarity transformation
R12(λ, η) → Adexp(λS
z
1)R12(λ, η), (II.3)
with Sz = diag(1/2,−1/2) [50, 51, 52, 53, 54]. The transformed R-matrix still obeys the
Yang-Baxter equation due to the U(1) symmetry of the initial R-matrix
[Sz1 + S
z
2, R12(λ, η)] = 0. (II.4)
Sometime ago it was observed [6] that the Gaudin models are related to the classical
r-matrix and therefore it is essential that the R-matrix has the quasi-classical property
R(λ, η) = 1+ ηr(λ) +O(η2), (II.5)
here r(λ) is the corresponding classical r-matrix
r(λ) =
1
sinh(λ)

0 0 0 0
0 cosh(λ) −e−λ 0
0 −eλ cosh(λ) 0
0 0 0 0
 , (II.6)
which has the unitarity property
r21(−λ) = −r12(λ), (II.7)
and satisfies the classical Yang-Baxter equation
[r13(λ), r23(µ)] + [r12(λ− µ), r13(λ) + r23(µ)] = 0. (II.8)
Moreover, for the purpose of deriving the Gaudin Hamiltonians, it is necessary that the
R-matrix (II.1) is normalized so that [35, 36]
R(0, η) = P , (II.9)
where P is the permutation matrix in C2 ⊗C2.
The R-matrix (II.1) has the unitarity property
R12(λ)R21(−λ) = 1, (II.10)
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the PT-symmetry
Rt12(λ) = R21(λ), (II.11)
and the following crossing symmetry property
R(λ) =
sinh(λ)
sinh(λ− η)
J1R
t2(−λ + η)J −11 , (II.12)
where t2 denotes the transpose in the second space and the matrix J is given by
J =
(
0 e−η/2
−eη/2 0
)
. (II.13)
We observe that the matrix
M = J tJ =
(
eη 0
0 e−η
)
(II.14)
commutes with the R-matrix
[M⊗M, R(λ)] = 0. (II.15)
Notice that the unitarity property (II.10) and the crossing symmetry (II.12) imply the
following useful identity [50, 53]
Rt212(λ)M
−1
1 R
t1
12(−λ + 2η)M1 = ρ(λ − η, η)1, (II.16)
with
ρ(λ, η) =
sinh2(λ)− sinh2(η)
sinh2(λ)
. (II.17)
A way to introduce non-periodic boundary conditions which are compatible with
the integrability of the bulk model, was developed in [29]. Boundary conditions on
the left and right sites of the system are encoded in the left and right reflection ma-
trices K− and K+. The compatibility condition between the bulk and the boundary of
the system takes the form of the so-called reflection equation [30, 31]. It is written in
the following form for the left reflection matrix acting on the space C2 at the first site
K−(λ) ∈ End(C2)
R12(λ− µ)K
−
1 (λ)R21(λ + µ)K
−
2 (µ) = K
−
2 (µ)R12(λ + µ)K
−
1 (λ)R21(λ− µ). (II.18)
In complete generality, the compatibility on the right end of the model is encoded
in the following dual reflection equation [29, 32, 33, 34, 55]
A12(λ− µ)K
+ t
1 (λ)B12(λ + µ)K
+ t
2 (µ) = K
+ t
2 (µ)C12(λ + µ)K
+ t
1 (λ)D12(λ− µ). (II.19)
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where the matrices A, B,C,D are obtained from the R-matrix of the reflection equation
(II.18) in the following way
A12(λ) =
(
R12(λ)
t12
)−1
= D21(λ), (II.20)
B12(λ) =
((
Rt121(λ)
)−1)t2
= C21(λ). (II.21)
However, due to the property (II.16) the dual reflection equation (II.19) can be written
in the equivalent form
R12(−λ + µ)K
+
1 (λ)M2R21(−λ− µ− 2η)M
−1
2 K
+
2 (µ) =
K+2 (µ)M1R12(−λ− µ− 2η)M
−1
1 K
+
1 (λ)R21(−λ + µ). (II.22)
One can then verify that the mapping
K+(λ) = K−(−λ− η) M (II.23)
is a bijection between solutions of the reflection equation and the dual reflection equa-
tion. After substitution of (II.23) into the dual reflection equation (II.22) and using the
symmetry property (II.15) one gets the reflection equation (II.18) with shifted argu-
ments.
Although the K-matrix for the XXZ model is well known [56, 57, 58], the solution
corresponding to the R-matrix (II.1) differs from that matrix (see [53, 59, 60]),
K˜−(λ) =
(
f + e−2λa (e2λ − e−2λ)b
(e2λ − e−2λ)c f + e2λa
)
(II.24)
which we normalize
K−(λ) =
1
d(λ)
K˜−(λ), (II.25)
where
d(λ) = f + a cosh(2λ) + (
√
a2 + 4bc) sinh(2λ), (II.26)
so that
K−(λ)K−(−λ) = 1. (II.27)
Finally, we observe that matrix K−(λ) does not depend on the quasi-classical parameter
η,
∂K−(λ)
∂η
= 0. (II.28)
The right reflection matrix K+(λ) is obtained by substituting (II.25) into (II.23). It is
important to notice that (
lim
η→0
K+(λ)
)
K−(λ) = 1. (II.29)
In general, the normalization conditions (II.27) and (II.29) are not essential in the study
of the open spin chain. However, together with (II.5) and (II.9) they enable the quasi-
classical expansion of the transfer matrix which yields the open Gaudin model.
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III Inhomogeneous XXZ spin chain
In this section we study an inhomogeneous XXZ spin chain with N sites, characterized
by the local space Vj = C
2 and inhomogeneous parameter αj. For simplicity, we start
by considering periodic boundary conditions. The Hilbert space of the system is
H =
N
⊗
j=1
Vj = (C
2)⊗N .
In the QISM [7, 10, 54] the so-called monodromy matrix
T(λ) = R0N(λ− αN) · · · R01(λ− α1) (III.1)
is used to describe the system. For simplicity we have omitted the dependence on
the quasi-classical parameter η and the inhomogeneous parameters {αj, j = 1, . . . ,N}.
Notice that T(λ) is a two-by-two matrix in the auxiliary space V0 = C2, whose entries
are operators acting in H. Due to the Yang-Baxter equation (II.2), it is straightforward
to check that the monodromy matrix satisfies the RTT-relations [7, 10, 9]
R12(λ− µ)T
1
(λ)T
2
(µ) = T
2
(µ)T
1
(λ)R12(λ− µ). (III.2)
The above equation is written in the tensor product of the auxiliary space V0 ⊗ V0 =
C2 ⊗ C2, using the standard notation of the QISM and suppressing the dependence on
the quasi-classical parameter η and the inhomogeneous parameters {αj, j = 1, . . . ,N}.
The periodic boundary conditions and the RTT-relations (III.2) imply that the trans-
fer matrix
t(λ) = tr0T(λ), (III.3)
at different values of the spectral parameter commute,
[t(λ), t(µ)] = 0, (III.4)
here we have omitted the nonessential arguments.
Following references [35, 36] we observe that, due to the normalization of the R-
matrix (II.9), the quasi-classical expansion of the transfer matrix, for the special values
of the spectral parameter, is given by
Zk = t(λ = αk) = 1+ ηHk +O(η
2), (III.5)
where Hk are the Gaudin Hamiltonians, in the periodic case. The commutativity of the
Gaudin Hamiltonians,
[Hk,Hl] = 0, (III.6)
is ensured by the commutativity of the transfer matrix (III.4) and the fact the first term
in the above expansion is the identity matrix, due to (II.5) and (II.9).
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In order to construct integrable spin chains with non-periodic boundary condition,
one has to use the Sklyanin formalism [29]. The corresponding monodromy matrix
T (λ) consists of the two matrices T(λ) (III.1) and a reflection matrix K−(λ) (II.25),
T (λ) = T(λ)K−(λ)T−1(−λ)
= R0N(λ− αN) · · · R01(λ− α1)K
−
0 (λ)R10(λ + α1) · · · RN0(λ + αN), (III.7)
where, for simplicity, we have suppressed the dependence on the other parameters. By
construction, the exchange relations of the monodromy matrix T (λ) in V0 ⊗V0 are
R12(λ− µ)T
1
(λ)R21(λ + µ)T
2
(µ) = T
2
(µ)R12(λ + µ)T
1
(λ)R21(λ− µ), (III.8)
using the notation of [29]. The open chain transfer matrix is given by the trace of T (λ)
over the auxiliary space V0 with an extra reflection matrix K
+(λ) [29],
t(λ) = tr0
(
K+(λ)T (λ)
)
. (III.9)
The reflection matrix K+(λ) (II.23) is the corresponding solution of the dual reflection
equation (II.22). The commutativity of the transfer matrix for different values of the
spectral parameter
[t(λ), t(µ)] = 0, (III.10)
is guaranteed by the dual reflection equation (II.22) and the exchange relations (III.8) of
the monodromy matrix T (λ).
Analogously to the periodic case, the quasi-classical expansion of the transfer ma-
trix, for special values of the spectral parameter, yields the Gaudin Hamiltonians with
the boundary terms [38]
Zk = t(λ = αk) = 1+ ηHk +O(η
2), (III.11)
where Hk are the corresponding Gaudin Hamiltonians. As in the periodic case, the
commutativity of the Hamiltonians Hk is guaranteed by the equation (III.10) and the
normalization conditions (II.5), (II.9) and (II.29). The Gaudin Hamiltonians will be cal-
culated in the following section.
IV Trigonometric sℓ(2) Gaudin Hamiltonians with boundary terms
In this section we calculate explicitly the Gaudin Hamiltonians. As shown in [35, 36], in
the periodic case, it is straightforward to calculate the first two terms in the expansion
(III.5)
Zk|η=0 = tr0 (R0N(αk − αN) · · · R0k(αk − αk) · · · R01(αk − α1)) |η=0
= tr0 (R0N(αk − αN) · · · P0k · · · R01(αk − α1)) |η=0
= tr0 (P0k) = 1, (IV.1)
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and the Gaudin Hamiltonians in the periodic case,
Hk =
∂Zk
∂η
|η=0 = ∑
l>k
tr0
(
R0N(αk − αN) · · ·
∂R0l(αk − αl)
∂η
· · · P0k · · · R01(αk − α1)
)
|η=0
+ ∑
l<k
tr0
(
R0N(αk − αN) · · · P0k · · ·
∂R0l(αk − αl)
∂η
· · · R01(αk − α1)
)
|η=0
= ∑
l>k
tr0
(
∂R0l(αk − αl)
∂η
|η=0P0k
)
+ ∑
l<k
tr0
(
P0k
∂R0l(αk − αl)
∂η
|η=0
)
= ∑
l 6=k
rkl(αk − αl). (IV.2)
In the case of non-periodic boundary, we consider the left and right reflection ma-
trices K−(λ) and K+(λ) given by (II.25) and (II.23), respectively. In order to obtain the
expansion (III.11) in (III.9) we specify λ = αk and calculate the first term
Zk|η=0 = tr0
(
K+(αk)T (αk)
)
|η=0 = tr0
(
K+0 (αk)R0N(αk − αN) · · · P0k · · · R01(αk − α1) ×
×K−0 (αk)R10(αk + α1) · · · Rk0(2αk) · · · RN0(αk + αN)
)
|η=0
= tr0
(
K−0 (−αk)P0kK
−
0 (αk)
)
= K−k (αk)K
−
k (−αk) = 1. (IV.3)
In the last step above we have used the normalization (II.27). The Gaudin Hamiltonians
with boundary terms are related to the second term in the expansion (III.11),
Hk =
∂Zk
∂η
|η=0 = tr0
(
∂K+0 (αk)
∂η
|η=0P0kK
−
0 (αk)
)
+ tr0
(
K−0 (−αk)P0kK
−
0 (αk)
∂Rk0(2αk)
∂η
|η=0
)
+ ∑
l>k
tr0
(
K−0 (−αk)
∂R0l(αk − αl)
∂η
|η=0P0kK
−
0 (αk)
)
+ ∑
l<k
tr0
(
K−0 (−αk)P0k
∂R0l(αk − αl)
∂η
|η=0K
−
0 (αk)
)
+ ∑
l 6=k
tr0
(
K−0 (−αk)P0kK
−
0 (αk)
∂Rl0(αk + αl)
∂η
|η=0
)
. (IV.4)
In the derivation above we have used the fact that the left reflection matrix K−(λ) does
not depend on the quasi-classical parameter η (II.28). Finally, the Gaudin Hamiltonians
can be expressed in a more concise form
Hk = Γk(αk) + ∑
l 6=k
rkl(αk − αl) + ∑
l 6=k
K−k (αk)rlk(αk + αl)K
−
k (−αk), (IV.5)
where rij(λ) is the corresponding classical r-matrix (II.6) and
Γk(αk) = K
−
k (αk)
(
∂K+k (αk)
∂η
|η=0 + tr0
(
K−0 (−αk) P0k rk0(2αk)
))
. (IV.6)
-9-
V CLASSICAL REFLECTION EQUATION AND OPEN GAUDIN MODEL
Notice that the second term on the righthand side of the (IV.5) coincides with the
Gaudin Hamiltonians (IV.2) and that the first and the third term are the boundary terms
depending on the reflection matrices K− and K+. The algebraic Bethe ansatz is used to
calculate the spectra of these Hamiltonians [38, 41].
V Classical reflection equation and open Gaudin model
In this section we discuss an approach to study open Gaudin model based on a classical
r-matrix, classical reflection equation and corresponding reflection matrix. A classical
reflection equation can be obtained by substituting (II.5) into (II.18), taking into account
(II.28), and comparing the terms of the first order in η. However, in the original notation
of Sklyanin, using the symmetric r-matrix, the formulas are somewhat more compact
[43, 44]. To this end we apply the similarity transformation (II.3) on the classical r-
matrix (II.6) and obtain the symmetric r-matrix
r(λ) =
1
sinh(λ)

0 0 0 0
0 cosh(λ) −1 0
0 −1 cosh(λ) 0
0 0 0 0
 . (V.1)
The unitarity conditions now reads
r(−λ) = −r(λ). (V.2)
This r-matrix satisfies the classical Yang-Baxter equation (II.8). Together with the corre-
sponding K-matrix
K(λ) =
1
d(λ)
(
e−λa+ eλ f (e2λ − e−2λ)b
(e2λ − e−2λ)c eλa+ e−λ f
)
, (V.3)
the function d(λ) given in (II.26), it satisfies the classical reflection equation obtained
by Sklyanin [43, 44]
[r12(λ− µ), K1(λ)K2(µ)] +K1(λ)r12(λ + µ)K2(µ)−K2(µ)r12(λ + µ)K1(λ) = 0. (V.4)
It is straightforward to define the Gaudin model, in the case of periodic boundary
conditions, by introducing the corresponding Lax matrix,
L(λ) =
N
∑
k=1
r0k(λ− αk). (V.5)
The Lax matrix obeys the Sklyanin linear bracket[
L
1
(λ), L
2
(µ)
]
= −
[
r12(λ− µ), L
1
(λ) + L
2
(µ)
]
. (V.6)
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A direct consequence of the Sklyanin linear bracket and the periodic boundary condi-
tions is the fact that the operator
t(λ) = trL2(λ) (V.7)
commutes for different values of the spectral parameter
t(λ)t(µ) = t(µ)t(λ), (V.8)
and is therefore the generating function of integrals of motion. The residues of t(λ) at
poles λ = αk are the corresponding Gaudin Hamiltonians [6, 16, 21].
A method to study open Gaudin model based on the following Lax matrix
L(λ) = L(λ)−K(λ) L(−λ) K(−λ), (V.9)
and the corresponding r-matrix
rK12(λ, µ) = r12(λ− µ)−K2(µ) r12(λ + µ) K2(−µ), (V.10)
was developed recently [28, 45, 46]. The relevant bracket in this case is given by[
L
1
(λ),L
2
(µ)
]
= −
([
rK12(λ, µ),L
1
(λ)
]
−
[
rK21(µ,λ),L
2
(µ)
])
. (V.11)
The operator
t(λ) = trL2(λ) (V.12)
is considered to be the generating function of integrals of motion [28, 45, 46]. However,
the Hamiltonians obtained as the residues of t(λ) at the poles λ = αk do not coincide
with the Hamiltonians obtained in the previous section.
VI Conclusions
We have reviewed the Gaudin model with integrable boundaries starting from the non-
symmetric R-matrix of the spin-½ XXZ chain and generic solutions of the reflection
equation and the dual reflection equation. We have shown how the quasi-classical
expansion of the transfer matrix of the open inhomogeneous XXZ chain, calculated
for special values of the spectral parameter, yields the Gaudin Hamiltonians with the
boundary terms. Finally, an alternative approach to study open Gaudin model based
on the classical Yang-Baxter equation and classical reflection equation is discussed.
Acknowledgments. This work was supported by the FCT Project No.
PTDC/MAT/099880/2008 through the European program COMPETE/FEDER.
-11-
REFERENCES REFERENCES
References
[1] B. M. Garraway, The Dicke model in quantum optics: Dicke model revisited, Phil.
Trans. R. Soc. A vol. 369 no. 1939 (2011) 1137–1155.
[2] N. M. Bogoliubov and P. P. Kulish, Exactly solvable models of nonlinear quan-
tum optics, (Russian) Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov.
(POMI) 398 (2012) 26–54.
[3] L. Amico and A. Osterloh, Bethe Ansatz approach to the pairing fluctuations
in the mesoscopic regime, Annalen der Physik Volume 524 Issue 3-4 (2012) pages
133–145.
[4] M. Gaudin, Diagonalisation d’une classe d’hamiltoneans de spin, J. Physique 37
(1976) 1087–1098.
[5] M. Gaudin, La fonction d’onde de Bethe, chapter 13 Masson, Paris, 1983.
[6] E. K. Sklyanin, Separation of variables in the Gaudin model, Zap. Nauchn. Sem.
Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 164 (1987) 151–169; translation in J.
Soviet Math. 47 (1989) 2473–2488.
[7] L. A. Takhtajan and L. D. Faddeev, The quantummethod for the inverse problem
and the XYZ Heisenberg model, (in Russian) Uspekhi Mat. Nauk 34 No. 5 (1979)
13–63; translation in Russian Math. Surveys 34 No.5 (1979) 11–68.
[8] E. K. Sklyanin, L. A. Takhtajan and L. D. Faddeev, Quantum inverse problem
method. I, (Russian) Teoret.Mat. Fiz. 40 (1979), no. 2, 194–220; translation in Theor.
Math. Phy. 40, No. 2 (1979) 688–706.
[9] P. P. Kulish and E. K. Sklyanin, Quantum spectral transform method. Recent
developments, Lect. Notes Phys. 151 (1982), 61–119.
[10] L. D. Faddeev, How the algebraic Bethe Ansatz works for integrable models, In
Quantum symmetries / Symetries quantiques, Proceedings of the Les Houches
summer school, Session LXIV. Eds. A. Connes, K. Gawedzki and J. Zinn-Justin.
North-Holland, 1998, 149–219; hep-th/9605187.
[11] V. G. Drinfeld, Quantum groups, In: Proc. Intern. Congress Math. Berkeley, CA,
AMS, Providence, RI, (1987), 798–820.
[12] M. Jimbo, A q-difference analogue of U(g) and the Yang-Baxter equation, Lett.
Math. Phys. 10 (1985), 63–69.
[13] A. A. Belavin and V. G. Drinfeld. Solutions of the classical Yang-Baxter equation
for simple Lie algebras (in Russian), Funktsional. Anal. i Prilozhen. 16 (1982), no.
3, 1–29; translation in Funct. Anal. Appl. 16 (1982) no. 3, 159-180.
-12-
REFERENCES REFERENCES
[14] E. K. Sklyanin and T. Takebe, Algebraic Bethe ansatz for the XYZ Gaudin model,
Phys. Lett. A 219 (1996) 217-225.
[15] M. A. Semenov-Tian-Shansky, Quantum and classical integrable systems, in In-
tegrability of Nonlinear Systems, Lecture Notes in Physics Volume 495 (1997) 314-
377.
[16] B. Jurcˇo, Classical Yang-Baxter equations and quantum integrable systems, J.
Math. Phys. Volume 30 (1989) 1289–1293.
[17] B. Jurcˇo, Classical Yang-Baxter equations and quantum integrable systems
(Gaudin models), in Quantum groups (Clausthal, 1989), Lecture Notes in Phys.
Volume 370 (1990) 219–227.
[18] F. Wagner and A. J. Macfarlane, Solvable Gaudin models for higher rank
symplectic algebras. Quantum groups and integrable systems (Prague, 2000)
Czechoslovak J. Phys. 50 (2000) 1371–1377.
[19] T. Brzezinski and A. J. Macfarlane, On integrable models related to the osp(1,2)
Gaudin algebra, J. Math. Phys. 35 (1994), no. 7, 3261–3272.
[20] P. P. Kulish and N. Manojlovic´, Creation operators and Bethe vectors of the osp(1|2)
Gaudin model, J. Math. Phys. 42 no. 10 (2001) 4757–4778.
[21] P. P. Kulish and N. Manojlovic´, Trigonometric osp(1|2) Gaudin model, J.
Math.Phys. 44 no. 2 (2003) 676–700.
[22] A. Lima-Santos and W. Utiel, Off-shell Bethe ansatz equation for osp(2|1) Gaudin
magnets, Nucl. Phys. B 600 (2001) 512–530.
[23] V. Kurak and A. Lima-Santos, sl(2|1)(2) Gaudin magnet and its associated
Knizhnik-Zamolodchikov equation, Nuclear Physics B 701 (2004) 497–515.
[24] H. M. Babujian and R. Flume, Off-shell Bethe ansatz equation for Gaudin mag-
nets and solutions of Knizhnik-Zamolodchikov equations, Mod. Phys. Lett. A 9
(1994) 2029–2039.
[25] B. Feigin, E. Frenkel, and N. Reshetikhin, Gaudin model, Bethe ansatz and correlation
functions at the critical level, Commun. Math. Phys. 166 (1994) 27–62.
[26] N. Reshetikhin and A. Varchenko, Quasiclassical asymptotics of solutions to the
KZ equations, in Geometry, Topology and Physics, Conf. Proc. Lecture Notes
Geom., pages 293–273. Internat. Press, Cambridge, MA, 1995.
[27] E. K. Sklyanin, Generating function of correlators in the sl2 Gaudin model, Lett.
Math. Phys. 47(1999) 275–292.
-13-
REFERENCES REFERENCES
[28] T. Skrypnyk, Non-skew-symmetric classical r-matrix, algebraic Bethe ansatz,
and Bardeen-Cooper-Schrieffer-type integrable systems, J. Math. Phys. 50 (2009)
033540, 28 pages.
[29] E. K. Sklyanin, Boundary conditions for integrable quantum systems, J. Phys. A:
Math. Gen. 21 (1988) 2375–2389.
[30] I. Cherednik, Factorizing particles on a half line and root systems, (in Russian)
Teor. Mat. Fiz. 61 No. 1 (1984) 35-44, translation in Theor. Math. Phys. 61 (1984)
977–983.
[31] P. P. Kulish and E. K. Sklyanin, Algebraic structures related to reflection equa-
tions, J. Phys. A 25 (1992) 5963–5975.
[32] L. Freidel and J.-M.Maillet,Quadratic algebras and integrable systems, Phys. Lett.
B 262 (1991) 278–284.
[33] L. Freidel and J.-M. Maillet, On classical and quantum integrable field theories
associated to Kac-Moody current algebras, Phys. Lett. B 263 (1991) 403–410.
[34] P. P. Kulish and R. Sasaki, Covariance properties of reflection equation algebras,
Prog. Theor. Phys. 89 (1993) no. 3, 741–761.
[35] K. Hikami, P. P. Kulish andM. Wadati, Integrable Spin Systemswith Long-Range
Interaction, Chaos, Solitons & Fractals Vol. 2 No. 5 (1992) 543–550.
[36] K. Hikami, P. P. Kulish and M. Wadati, Construction of Integrable Spin Systems
with Long-Range Interaction, J. Phys. Soc. Japan Vol. 61 No. 9 (1992) 3071–3076.
[37] K. Hikami, Gaudin magnet with boundary and generalized Knizhnik-
Zamolodchikov equation, J. Phys. A Math. Gen. 28 (1995) 4997–5007.
[38] W. L. Yang, Y. Z. Zhang and M. D. Gould, Exact solution of the XXZ Gaudin
model with generic open boundaries, Nuclear Physics B 698 (2004) 503–516.
[39] K. Hao, W. L. Yang, H. Fan, S. Y. Liu, K. Wu, Z. Y. Yang and Y. Z. Zhang,
Determinant representations for scalar products of the XXZ Gaudin model with
general boundary terms, Nuclear Physics B 862 (2012) 835–849.
[40] W. L. Yang, R. Sasaki and Y. Z. Zhang, Zn elliptic Gaudin model with open
boundaries, JHEP 09 (2004) 046.
[41] W. L. Yang, R. Sasaki and Y. Z. Zhang, An−1 Gaudin model with open bound-
aries, Nuclear Physics B 729 (2005) 594–610
[42] A. Lima-Santos, The sl(2|1)(2) Gaudin magnet with diagonal boundary terms, J.
Stat. Mech. (2009) P07025.
-14-
REFERENCES REFERENCES
[43] E. K. Sklyanin, Boundary conditions for integrable equations, (Russian) Funkt-
sional. Anal. i Prilozhen. 21 (1987) 86–87; translation in Functional Analysis and
Its Applications Volume 21, Issue 2 (1987) 164–166.
[44] E. K. Sklyanin, Boundary conditions for integrable systems, in the Proceedings of
the VIIIth international congress on mathematical physics (Marseille, 1986), World
Sci. Publishing, Singapore, (1987) 402–408.
[45] T. Skrypnyk, Generalized Gaudin spin chains, nonskew symmetric r-matrices,
and reflection equation algebras, J. Math. Phys. 48 (2007) 113521, 17 pages.
[46] T. Skrypnyk, Generalized Gaudin systems in an external magnetic field and re-
flection equation algebras, J. Stat. Mech. Theory Exp. (2010) P06028.
[47] P. P. Kulish and E. K. Sklyanin, Solutions of the Yang-Baxter equation, in Russia,
Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) Vol. 95 (1980),
129–160, 161, translation in J. Soviet Math. 19 (1982) 1596–1620.
[48] M. Jimbo, Quantum R matrix for the generalized Toda systems, Commun. Math. Phys.
Vol 102 (1986) 537–547.
[49] V. V. Bazhanov, Integrable quantum systems and classical Lie algebras Commun.
Math. Phys. Vol 113 (1987) 471–503.
[50] L. Mezincescu and R. I. Nepomechie, Integrable open spin chains with non-
symmetric R-matrices, J. Phys. A: Math. Gen. 24 (1991) L17-L23.
[51] L. Mezincescu and R. I. Nepomechie, Integrability of open spin chains with
quantum algebra symmetry, Internat. J. Modern Phys. A 6 (1991) 5231–5248.
[52] L. Mezincescu and R. I. Nepomechie, Addendum: Integrability of open spin
chains with quantum algebra symmetry’, Internat. J. Modern Phys. A 7 (1992)
5657–5659.
[53] A. Doikou, From affine Hecke algebras to boundary symmetries, Nuclear Phys. B
725 No. 3 (2005) 493–530, math-ph/0409060.
[54] P. P. Kulish Twist deformations of quantum integrable spin chains, Lect. Notes
Phys. Vol. 774 (2009) 165–188.
[55] Z. Nagy, J. Avan, A. Doikou and G. Rollet Commuting quantum traces for
quadratic algebras, J. Math. Phys. 46 (2005) 083516
[56] S. Ghoshal and A. B. Zamolodchikov, Boundary S matrix and boundary state in two-
dimensional integrable quantum field theory, Int. J. Mod. Phys. A 9 (1994) 3841–3885.
-15-
REFERENCES REFERENCES
[57] T. Inami and H. Konno, Integrable XYZ spin chain with boundaries, J. Phys. A 27
(1994) L913–L918.
[58] H. J. de Vega and A. González Ruiz, Boundary K-matrices for the XYZ, XXZ,
XXX spin chains, J. Phys. A: Math. Gen. 27 (1994), 6129–6137.
[59] P. P. Kulish and A. I. Mudrov, Baxterization of Solutions to Reflection Equation
with Hecke R-matrix, Lett. Math. Phys. 75 (2006) 151–170.
[60] P. P. Kulish, N. Manojlovic´ and Z. Nagy, Jordanian deformation of the open XXX
spin chain, (in Russian) Teoreticheskaya i Matematicheskaya Fizika Vol. 163 No. 2
(2010) 288-298; translation in Theoretical and Mathematical Physics Vol. 163 No. 2
(2010) 644-652; arXiv:0911.5592.
-16-
